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A recombination reaction model for high-temperature chemical kinetics is derived from ab initio simulations data.
A kinetic recombination rate model is derived using a recently developed ab initio state-specific dissociation model1
and the principle of microscopic reversibility. When atoms recombine, the kinetic rate model shows that product
molecules have high favoring for high vibrational energy states. A continuum recombination rate model is then derived
analytically from the kinetic recombination rate model. Similarly, the expression for the average vibrational energy
of recombining molecules is also derived analytically. Finally, a simple model for non-Boltzmann vibrational energy
distribution functions is derived. The distribution model includes both depletion of energy states due to dissociation
and re-population of states due to recombination where a Boltzmann distribution is recovered in chemical equilibrium.
Isothermal relaxation simulations using the continuum dissociation and recombination model are performed and the
results are compared with the state-of-the-art model.
I. INTRODUCTION
In hypersonic flows, recombination of the shock-heated dis-
sociated gas alters the species concentrations which affect
surface chemical reactions and heating rates. The chemical
energy release to the bulk fluid in a recombination reaction
depends on the specific internal energy state of the formed
molecule. The state-specificity of recombination rates also af-
fects the rovibrational population of the gas. For instance,
recombination reactions re-populate the rovibrational states
which are depleted by dissociation. This indirectly affects
other physical processes that are coupled to the internal en-
ergy of the gas, for instance, dissociation, which has strong
favoring for higher vibrational energy. Therefore, accurate
rate and energy transfer modeling for recombination reactions
is crucial for predictive simulations.
Recombination models used in computational fluid dynam-
ics (CFD) solvers are obtained via the principle of detailed
balance, requiring equilibrium dissociation rates (typically
those from Park model2–4 ). The Park model uses an ef-
fective temperature (
√
TTv) in Arrhenius rates, where T is
translational temperature of the gas and Tv is an additional
‘vibrational’ temperature to couple dissociation rates to the
vibrational energy of the gas. The parameters in the Park
model are empirically adjusted to fit experimental results5–7,
which have large uncertainties (about an order of magnitude
for nitrogen dissociation rates). For estimating recombina-
tion rates using the principle of detailed balance, equilibrium
dissociation rates are obtained by setting T = Tv in the Park
model. However, this does not necessarily correspond to
equilibrium, because shock-heated dissociating gas is inher-
ently in nonequilibrium8–13, and therefore experimental mea-
surements, upon which the Park model is based, may corre-
spond to an arbitrary nonequilibrum state. More specifically,
the nonequilibrium state may be a quasi-steady state (QSS),
a)Electronic mail: singh455@umn.edu.
where high rovibrational energy states are depleted relative
to the corresponding Boltzmann distribution. This could re-
sult in under-predicted recombination rates, since dissocia-
tion rates corresponding to QSS are lower than corresponding
equilibrium rates.
Recently, accurate potential energy surfaces (PESs) have
been developed for the purpose of studying air chem-
istry relevant to hypersonic flows, for instance N2-N2 and
N–N2 collisions14,15, O2–O216 and O-O217 collisions, N2-O2
collisions18, and N2–O collisions19. Using these PESs, ab ini-
tio methods such as direct molecular simulations (DMS)8,11,
master-equation analysis20–23 and quasi-classical trajectory
calculations (QCT)24,25 have quantified the coupling of ro-
vibrational energy to the state-specific dissociation rates of air
species. Based on the obtained ab initio data, a nonequilib-
rium dissociation model has been derived using first princi-
ples by the authors in Refs.1,26–30. The dissociation model
is analytically consistent between the kinetic-scale and con-
tinuum scale1. The continuum model incorporates the non-
Boltzmann vibrational energy distribution model26 for disso-
ciating gas and is shown to reproduce ab initio data at con-
tinuum scale27. The model can be implemented in large-
scale CFD solvers and direct simulation Monte Carlo (DSMC)
solvers1,27. Other recent efforts of developing a continuum
nonequilibrium dissociation model based on recent ab initio
data can be found in Refs.31–34. In this work, we extend the
modeling efforts to include recombination reactions.
In this article, an analytically consistent recombination
model, using microscopic reversibility and the principle of de-
tailed balance is developed. First, an analytical model for the
probability of recombining into a specific rotational and vibra-
tional energy state is developed using the state-specific disso-
ciation rate model1. Kinetic rate of recombination is shown
to have strong favoring for high vibrational energy. This is
also true for rotational energy, however, the probability of re-
combining to form quasi-bound molecules reduces for higher
internal energy. A model for the average vibrational energy
of molecules in recombination is also derived and its connec-
tion to average vibrational energy of dissociating molecules is
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2highlighted. Using the principle of detailed balance, an ana-
lytical recombination rate model, consistent with the dissoci-
ation rate model, is derived.
As a final modeling step, an extension of the non-
Boltzmann distribution model for dissociating gas to include
the re-population of high-energy states due to recombination
reactions is derived. The model extension is developed using
the surprisal35–37 analysis distribution model for dissociation.
The derivation uses only microscopic reversibility, master-
equation, and does not require any additional adjustable pa-
rameters. Incorporating the extension due to recombination in
the generalized non-Boltzmann distribution model proposed
by the authors in Ref.26, now recovers the Boltzmann distri-
bution under equilibrium. Finally, the recombination model
is then analyzed using isothermal relaxation simulations and
results are compared with the Park two temperature model.
II. THEORY AND BACKGROUND
Consider rovibrational relaxation, dissociation and recom-
bination reactions in an ensemble of gas consisting of di-
atomic molecules AB colliding with partner C. Collisional
process considered in this work include the following:
AB( j,v)+C
k jv− j′v′−−−−→ AB( j′,v′)+C
AB( j,v)+C
k jv−d−−−→ A+B+C
A+B+C
kr− jv−−−→ AB( j,v)+C
(1)
Here ( j,v) represents the rovibrational quantum state of the
molecule and C can be either a diatom or atom. k jv−d is the
dissociation rate constant of molecules from state ( j,v). kr− jv
is the recombination rate constant of two atoms recombining
in to a state ( j,v). An evolution equation for the rovibrational
energy populations, [AB(i)] at a given translational tempera-
ture (T ), can be written as:
d [AB(i)]
dt
= ∑
i′ 6=i
ki′−i[AB(i′)][C]−
(
∑
i′ 6=i
ki−i′
)
[C][AB(i)]
−ki−d [C][AB(i)]+ kr−i[C][A][B]
(2)
Here, ki−i′ is the rate constant for transitioning from state
i(≡ ( j,v)) to i′(≡ ( j′,v′)) during a collision with partner
species C, d denotes the dissociated state and r− i denotes
recombination to a state i. ki−i′(≡ ki−i′(T )) depends on T but
for notational brevity, we have dropped the dependence. In
principle one may employ master equation and solve evolu-
tion equations for the ro-vibrational population in each ( j,v)
state. However solving the full set of master equations re-
quires computation of large numbers of transition rates (for
instance 1015 for N2-N2 collisions) and therefore a coarse-
grained description is necessary. A possible reduced order
model is to bin states into groups21,38 and track evolution of
population within the groups.
A more coarse grained approach is called the ‘multi-
temperature framework’, commonly employed in continuum-
scale simulations. Here, evolution equations for macroscopic
quantities, more specifically species concentration ([AB]), av-
erage vibrational energy (〈εv〉), and average rotational energy
(〈εrot〉), are solved. Time evolution equations for these quan-
tities, under suitable approximations, can be obtained as:
d[AB]
dt
=−kAB−C[AB][C]+krAB−C [A][B][C] (3)
d〈εv〉
dt
=
〈ε∗v 〉−〈εv〉
τmix,v
− kAB−C[C](〈εdv 〉−〈εv〉)
+krAB−C
[A][B][C]
[AB]
(〈recv 〉−〈εv〉)
(4)
d〈εrot〉
dt
=
〈ε∗rot〉−〈εrot〉
τmix,j
− kAB−C[C](〈εdrot〉−〈εrot〉)
+krAB−C
[A][B][C]
[AB]
(〈recrot 〉−〈εrot〉)
(5)
where 〈ε∗...〉 are corresponding average energies at equilib-
rium. kAB−C is the dissociation rate constant, 〈εdv 〉 is the av-
erage vibrational energy of dissociating molecules, and 〈εdrot〉
is the average rotational energy of dissociating molecules. In
the Landau-Teller (first term in the RHS of Eq. 4) and Jeans
equation (first term in the RHS of Eq. 5) terms, τmix,v is the
mixture vibrational relaxation time constant and τmix,rot is the
mixture rotational relaxation time constant given by39:
τmix,i =
[AB]+ [C]
[AB]
τAB−AB,i
+
[C]
τAB−C,i
(6)
where τAB−C,i is the relaxation time constant due to colli-
sion of AB and C and i refers to either rotation or vibration.
kAB−C is related to the state-specific dissociation rate constant
(k jv−d):
kAB−C =
vmax
∑
v=0
jmax(v)
∑
j=0
k jv−d f ( j,v) (7)
Similarly, 〈εdv 〉 and 〈εdrot〉 are related to state-specific quanti-
ties by the following mathematical moment equations:
〈εdv 〉=
∑vmaxv=0 ∑
jmax(v)
j=0 εint(0,v)k jv−d f ( j,v)
∑vmaxv=0 ∑
jmax(v)
j=0 k jv−d f ( j,v)
〈εdrot〉=
∑vmaxv=0 ∑
jmax(v)
j=0 (εint( j,v)− εint(0,v))k jv−d f ( j,v)
∑vmaxv=0 ∑
jmax(v)
j=0 k jv−d f ( j,v)
(8)
where εint(0,v) is the vibrational energy corresponding
to a state ( j,v), obtained using the vibration prioritized
framework40, commonly used in the recent literature10,21,30.
The framework provides an approximate way to separate oth-
erwise coupled rotational and vibrational parts of internal en-
ergy. Using this framework, rotational energy for the state
3( j,v) is approximated as εint( j,v)− εint(0,v). Further discus-
sion of Eqs. 3–5 and the links to master equation (Eq. 2) can
be found in Ref.1.
Expressions for kAB−C, 〈εdv 〉 and 〈εdrot〉 were recently de-
veloped in Ref.1 from the state-specific rates consistent with
ab initio data. The expressions for these quantities were de-
rived using generalized non-Boltzmann distributions ( f ( j,v))
developed in Ref.26. Detailed comparison of predictions using
Eqs. 3–5 with Direct Molecular Simulation (equivalent to full
master equation) results have been carried out in Ref.27. How-
ever, these studies do not model recombination processes.
Specifically, recombination terms (written in bold face in
Eqs. 3–5) have not been considered in the earlier work1,27.
The focus of this article, therefore, is to derive the recombina-
tion rate constant (krAB−C ), as well as the average vibrational
(〈εrecv 〉) and average rotational energy (〈εrecrot 〉) of molecules
formed in recombination reactions.
In terms of the organisation of the article, Sec. III presents
the governing equations required for the derivation of the ki-
netic recombination rate and the average vibrational and ro-
tational energy of the molecules formed in recombination re-
actions. Section IV develops the analytical expressions for
the kinetic recombination rate, continuum scale recombina-
tion rate, and average vibrational energy of the recombining
molecules. Section V presents the analysis of the kinetic re-
combination rates. Section VI presents a generalized non-
Boltzmann internal energy distribution model ( f ( j,v)) that
includes re-population of ( j,v) states due to recombination.
Section VII presents results and discussion of isothermal re-
laxation simulations carried out using the consistent kinetic-
continuum dissociation and recombination models. Finally,
the summary and conclusions of the article are presented in
Sec. VII.
III. KINETIC FRAMEWORK TO CONTINUUM
FRAMEWORK
In this section we present the framework that will enable us
to derive the recombination model in Section IV.
A. Recombination Rate
The microscopic reversibility relation can be used to re-
late a state-specific rate (kr− jv) of recombining into a quantum
state ( j,v) to the state-specific dissociation rate (k jv−d) from
the state ( j,v), in the following manner41,42:
kr− jv
k jv−d
=
g jvQAB(T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB − εint( j,v)
kBT
]
(9)
where g jv is the degeneracy of energy level ( j,v), gA and
gB are the degeneracies (nuclear and electronic spin) of the
atoms, ∆ε fAB is the formation energy, kB is the Boltzmann con-
stant, and Q...(T ) denotes translational energy partition func-
tions defined as:
QAB(T ) =
[
2pikBmABT
h2p
]3/2
,
QA(T ) =
[
2pikBmAT
h2p
]3/2
,
QB(T ) =
[
2pikBmBT
h2p
]3/2
,
(10)
Following from Eq. 9, the state-specific recombination rate
can be written as follows:
kr− jv = k jv−d
g jvQAB(T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB − εint( j,v)
kBT
]
=
QAB(T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
]
g jvk jv−d exp
[
−εint( j,v)
kBT
]
(11)
where hp is Planck’s constant, mAB is the mass of molecule
AB, and mC is the mass of partner C. The continuum-level
recombination rate can then be obtained by summing kr− jv
over all ( j,v) pairs as:
kr =
vmax
∑
v=0
jmax(v)
∑
j=0
kr− jv
=
QAB(T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
]
×
vmax
∑
v=0
jmax(v)
∑
j=0
g jvk jv−d exp
[
−εint( j,v)
kBT
]
=
QAB(T )Z(T,T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
]
×
vmax
∑
v=0
jmax(v)
∑
j=0
k jv−d
g jv exp
[
−εint( j,v)
kBT
]
Z(T,T )
=
QAB(T )Z(T,T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
] vmax
∑
v=0
jmax(v)
∑
j=0
k jv−d f0( j,v)
=
QAB(T )Z(T,T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
]
k∗d(T )
(12)
Here it is important to note that k∗d is the dissociation rate con-
stant at equilibrium. As seen in Eq. 12, f0( j,v) represents
an equilibrium internal energy distribution and, therefore, the
sum of state-specific dissociation rates taken over the under-
lying internal energy population yields:
k∗d =
vmax
∑
v=0
jmax(v)
∑
j=0
k jv−d f0( j,v). (13)
4Finally note that Z(T,T ) is the partition function at equilib-
rium for internal energy, defined as:
Z(T,T ) =
vmax
∑
v=0
jmax(v)
∑
j=0
g jv exp
[
−εint( j,v)
kBT
]
(14)
In terms of the equilibrium constant (KC), Eq. 12 can then be
written as:
kr =
k∗d(T )
KC
(15)
where Kc is
1
Kc
=
[AB]∗
[A]∗[B]∗
=
QAB(T )Z(T,T )
[gAgBQA(T )QB(T )]
exp
[
∆ε fAB
kBT
]
(16)
Therefore in using microscopic reversibility, it is clear that, re-
combination rates are only dependent on the translational tem-
perature of the gas and are independent of whether the gas is in
equilibrium or not. This has an important implication for con-
tinuum recombination modeling. Specifically, recombination
rates based on detailed balance (Eq. 15) require dissociation
rates at equilibrium (k∗d). Currently, dissociation rates used in
CFD models (i.e the Park models) are empirically fit to exper-
imental data that most likely corresponds to nonequilibrium
(more specifically, Quasi-Steady State, QSS, described later
in Sec. VI) conditions. When these nonequilibrium dissocia-
tion rates are used to obtain recombination rates using detailed
balance (as they currently are in CFD models), this could lead
to inaccuracy. Since the new dissociation model is analytical
and can easily be evaluated for nonequilibrium conditions and
equilibrium conditions, the purpose of this article is to derive
a more consistent recombination rate model. Before deriving
the recombination rate, we first look at the average internal
energy of recombining molecules.
B. Average vibrational and rotational energy of molecules
formed via recombination
The average vibrational energy of molecules, 〈εrecv 〉, formed
in the recombination reaction in an ensemble of gas is given
by:
〈εrecv 〉=
∑vmaxv=0 ∑
jmax(v)
j=0 εint(0,v)kr− jv
∑vmaxv=0 ∑
jmax(v)
j=0 kr− jv
(17)
Interestingly, it is straightforward to show that the average
vibrational energy of molecules formed via recombination,
〈εrecv 〉(T ), is same as the average vibrational energy of dis-
sociating molecules 〈εdv 〉 at equilibrium. Let us consider the
average vibrational energy of dissociating molecules,
〈εdv 〉=
∑vmaxv=0 ∑
jmax(v)
j=0 εint(0,v)k jv−d f ( j,v)
∑vmaxv=0 ∑
jmax(v)
j=0 k jv−d f ( j,v)
(18)
where f ( j,v) is the general (not necessarily Boltzmann) inter-
nal energy distribution of the molecules in the gas. Let us use
the relation in Eq. 11, to express k jv−d as
k jv−d = χ(T )
kr− jv
g jv
exp
[
εint( j,v)
kBT
]
(19)
where χ(T ) contains dependence on T and other variables,
whose explicit form is omitted for brevity. Now we insert the
expression for k jv−d from Eq. 19 into Eq. 18.
〈εdv 〉=
∑vmaxv=0 ∑
jmax(v)
j=0 εint(0,v)
kr− jv
g jv
exp
[
εint( j,v)
kBT
]
f ( j,v)
∑vmaxv=0 ∑
jmax(v)
j=0
kr− jv
g jv
exp
[
εint( j,v)
kBT
]
f ( j,v)
.
(20)
Next, consider the case when the gas is in equilibrium, we
have
f0( j,v) =
g jv exp
[
−εint( j,v)
kBT
]
∑vmaxv=0 ∑
jmax(v)
j=0 g jv exp
[ − εint( j,v)
kBT
] (21)
Inserting this Boltzmann expression for the distribution
( f0( j,v)) in Eq. 18, we obtain an expression for the average
energy of dissociating molecules at equilibrium,
〈εdv 〉∗ =
∑vmaxv=0 ∑
jmax(v)
j=0 εint(0,v)kr− jv
∑vmaxv=0 ∑
jmax(v)
j=0 kr− jv
, (22)
which is the definition of average vibrational energy for re-
combining molecules (Eq. 17). Therefore, the average vibra-
tional energy of recombining molecules is equal to the aver-
age vibrational energy of dissociating molecules at equilib-
rium (〈εrecv 〉= 〈εdv 〉∗).
〈εrecv 〉= 〈εdv 〉∗ (23)
Equation 23 has also been derived in Ref.43. For the average
rotational energy of dissociating molecules, 〈εdrot〉, we pro-
posed in Ref.27 that 〈εdrot〉 = εd − 〈εdv 〉 . In the view of the
above analysis, we propose the analogous model for average
rotational energy in recombination:
〈εrecrot 〉= εd−〈εdv 〉∗ (24)
At this stage, the continuum recombination model has been
derived. Specifically, since the dissociation model is analyt-
ical, the expressions for 〈εdv 〉∗ and k∗d(T ) can be inserted in
Eqs. 12, 23 and 24, and the required recombination rate con-
stant (krAB−C ), as well as the average vibrational (〈εrecv 〉) and
average rotational energy (〈εrecrot 〉) of recombined molecules
can be directly obtained. These quantities can then be used
in the continuum equations (Eqs. 3–5).
In the next section, we present the full expressions for con-
tinuum recombination quantities, krAB−C , 〈εrecv 〉 and 〈εrecrot 〉, and
the state-specific recombination rates, primarily for two rea-
sons. First, state-specific recombination rates provide insight
5into which states (vibrational and rotational) are preferred
when atoms recombine. Second, state-specific recombination
rates can be used in the DSMC method using the procedure
described in Ref.44.
IV. DERIVATION OF kr− jv, kr, AND 〈εrecv 〉
In this section, we derive the expressions for kr− jv, kr, and
〈εrecv 〉 for nitrogen gas. To estimate the expression for kr,
we need the expression for the state-specific dissociation rate
(k jv−d) in Eq. 12. The model for k jv−d can be obtained from a
state-specific dissociation probability/cross-section averaged
over a Maxwell-Boltzmann distribution of relative transla-
tional energy. An analytical model for dissociation cross-
sections consistent with ab-initio data was proposed by the
authors in Ref.1. Using the state-specific dissociation model,
the expression for k jv−d is derived in the appendix (Eq. B3).
The expression for k jv−d is reproduced here for clarity:
k jv−d(T ) =
1
S
(
8kBT
piµC
)1/2
pib2maxC1 exp
[
− εd
kBT
](
kBT
εd
)α−1
×Γ[1+α]exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
× exp
[
−θCBεrot
kBT
]
exp
[
εint
kBT
]
(25)
where S is the symmetry factor, bmax is the maximum impact
parameter, εd is the ground state dissociation energy, εeffrot =
εrot −θCBεrot , εv is the vibrational energy and εint = εrot + εv
is the internal energy. α , β , γ and δ capture the dependence of
state-specific dissociation probability on translational energy,
rotational energy, vibrational energy, and internal energy re-
spectively. θCBεrot is the increase in effective dissociation en-
ergy due to the centrifugal barrier. For complete details of
this expression (Eq. 25), the reader is referred to Section IV
of Ref.1.
The state-specific recombination rate (kr− jv) can be ob-
tained by inserting the expression for k jv−d(T ) from Eq. 25
in Eq. 11. The full expression for kr− jv is:
kr− jv =
QAB(T )
[gAgBQA(T )QB(T )]
{
1
S
(
8kBT
piµC
)1/2
pib2maxC1
×exp
[
− εd
kBT
](
kBT
εd
)α−1
Γ[1+α]
}
exp
[
∆ε fNN
kBT
]
× exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
× exp
[
−θCBεrot
kBT
]
(26)
The above expression in Eq. 26 for the state-specific recom-
bination rate can be directly used in the DSMC method, since
it is common to compute a cell-averaged translational temper-
ature (T)45. Another approach for DSMC is to convert the
expression for kr− jv into a probability that depends on the rel-
ative translational energy of the three-bodies undergoing col-
lision by following the procedure in Ref.44, for example.
The overall recombination rate, as given in Eq. 12 can be
obtained by summing kr− jv from the model given in Eq. 26
over all ( j,v) states. The expression for the continuum re-
combination rate is:
kr =
vmax
∑
v=0
jmax(v)
∑
j=0
kr− jv =
QAB(T )
[gAgBQA(T )QB(T )]
{
1
S
(
8kBT
piµC
)1/2
× pib2maxC1 exp
[
− εd
kBT
](
kBT
εd
)α−1
Γ[1+α]
}
× exp
[
∆ε fNN
kBT
] vmax
∑
v=0
jmax(v)
∑
j=0
(2 j+1)exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
× exp
[
δ
|εint − εd |
εd
]
exp
[
−θCBεrot
kBT
]
(27)
The above summation requires specifying εv as function of vi-
brational quantum number (v) and rotational energy as func-
tion of rotational quantum number ( j). All procedures as laid
out in Ref.1 for the dissociation rate are exactly followed here.
To summarize, the modified simple harmonic oscillator model
is employed, where instead of a unique characteristic temper-
ature, multiple (in this case three) characteristic temperatures
are used. For rotational energy, the rigid rotor assumption is
used. These modified simple harmonic oscillator and rigid ro-
tor models approximate ab-initio energies accurately1. Using
these models, analytically obtained dissociation rate constants
have been shown to be in excellent agreement with QCT cal-
culations in Refs.1,27. Further details of these approximations
can be found in Sec. IV A of Ref.1.
By evaluating the sum in Eq. 27 using these approxima-
tions, and substituting ∆ε fNN = εd , the following expression
for the recombination rate is obtained:
kr(T ) =
ATη
QAB(T )
[gAgBQA(T )QB(T )]︸ ︷︷ ︸
Prefactor
∗ [Hr(εd ,0,1)+Hr(εmaxd ,εd ,2)]
(28)
η = α− 1
2
; A=
1
S
(
8kB
piµC
)1/2
pib2maxC1Γ[1+α]
(
kB
εd
)α−1
Hr(εi,ε j,n) = exp[(−1)n−1δ ]
× exp [εiζrot,r]g(ζvr,r)− exp [ε jζrot,r]g(ζv− ε jζrot,r/εd)
kBθrotζrot,r
; ,
(29)
where,
ζrot,r =
β −θCB+(−1)nδ
εd
− θCB
kBT
;
6ζv,r =
γ+(−1)nδ
εd
ζvr,r = ζv−ζrot
and g(...) (Eq. C22) is given in the appendix. Here,
Hr(εd ,0,1) multiplied by the ‘Prefactor’ gives the recombi-
nation rate into bound states and Hr(εmaxd ,εd ,2) times ‘Pref-
actor’ gives the recombination rate of forming quasi-bound
molecules. Note that aside from the ‘Prefactor’, these expres-
sions (H(...)) are identical to the dissociation model expres-
sions corresponding to equilibrium (Boltzmann) internal en-
ergy distribution functions (see Eq. 25 in Ref.1). Since many
of the dissociation terms would already be computed, imple-
mentation of this recombination model in a CFD code would
be straightforward.
Next we derive the expression for the average vibrational
energy of molecules, 〈εrecv 〉, formed in recombination using
Eq. 17. Inserting the expression for kr− jv from Eq. 26 into
Eq. 17, the expression for the average vibrational energy of
molecules (〈εrecv 〉(T )) formed in the recombination reaction
is:
〈εrecv 〉(T ) =
Φr(εd ,0,1)+Φr(εmaxd ,εd ,2)
Hr(εd ,0,1)+Hr(εmaxd ,εd ,2)
(30)
Φr(εi,ε j,n) = exp[(−1)n−1δ ]
× exp [εiζrot,r]g
′(ζvr,r)− exp [ε jζrot,r]g′(ζv,r− ε jζrot,r/εd)
kBθrotζrot,r
;
Similar to the recombination rate expression, the expression
for the average vibrational energy of recombined molecules
is identical to the dissociation expression corresponding to
equilibrium (Boltzmann) distribution functions (see Eq. 41 in
Ref.1). For completeness, we present Eq. C15 for the expres-
sion of g′(...) in the appendix.
V. KEY PHYSICAL MECHANISMS RELATED TO kr− jv,
kr, AND 〈εrecv 〉
In this section, we analyze the probability of atoms recom-
bining into a given internal energy state. First, we consider
the recombination probability as a function of internal energy
at a constant temperature (T ). Then, we analyze the effect of
T on the state-specific recombination probability.
A. Recombination probability to a state, εint( j,v), at a given
temperature
First, we consider the relative probability of recombin-
ing into a given internal energy state. While the expres-
sion for the state-specific rate was derived in Eq. 26, the
relative probability allows us to analyze the favoring of the
state in which the recombining atoms end up as a molecule.
Mathematically, the expression for the relative probability
(p(εint( j,v))/p(εint(0,0))) using Eq. 26 can be written as:
p(εint( j,v))
p(εint(0,0))
=
kr− jv
kr− jv|( j=0,v=0)
=
(2 j+1)exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
exp
[
−θCBεrot
kBT
]
exp
[
γ
ε0
εd
]
exp
[
δ
|ε0− εd |
εd
]
(31)
where ε0 is the zero-point energy of the molecule. We plot
this relative probability in Figs. 1 and 2 as a function of v
and j( j+1)46 for all allowed ro-vibrational ( j,v) states. Fig-
ures 1(a) and 1(b) shows that the probability to recombine
into a state with low vibrational energy (equivalently v) is
low. This trend is not true for recombining probability to a
rotational state, where at a given v, the recombining probabil-
ity is low for both low and high rotational energies (equiva-
lently j( j+1)), and takes a maximum for some j in between.
This specific variation of the recombination probability can
be seen in Figs. 1(a) and 1(b). In Fig. 2(a), the variation of
the probability with normalized vibrational energy (εv(v)/εd)
for different values of j is shown. At each j, the probability
increases with εv(v). On the other hand, for a given v, the
probability first increases and then decreases as j increases as
shown in Fig. 2(a). This is due to the effect of degeneracy
and centrifugal barrier as explained in the earlier paragraph.
This occurs because the degeneracy with j is (2 j+1), there-
fore there are more ways of observing higher j states. But
for higher j, the centrifugal barrier reduces the probability of
recombining (terms with β and θCB in Eq. 31). The same re-
combination probability for all ro-vibrational states but now as
function of normalized εint is shown in Fig. 2(b). A diatomic
molecule can have the same internal energy for different vi-
brational and rotational states, therefore multiple values of the
probability exist at a given internal energy. Fig. 2(b), shows
that the mostly likely internal energy for a diatomic molecule
to form is close to the dissociation energy (εd). In fact, this can
be directly deduced from detailed balance and the fact that the
average internal energy of dissociating molecules is εd47.
In summary, for two states with the same internal energy,
the state of lower rotational energy is preferred for recombi-
nation. However, higher degeneracy associated with higher
rotational energy may increase the overall probability of ob-
serving molecules in higher rotational energy states. For fixed
rotational energy, the probability of recombining is higher in
a state of higher vibrational energy.
B. Temperature dependence on the state-specific
recombination probability
In this subsection, we consider the recombination proba-
bility at different temperatures as a function of internal, rota-
tional, and vibrational energies. Figure 3(a) shows the normal-
ized recombination probability at five different translational
temperatures, ranging from T = 5,000 K to T = 30,000 K as
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FIG. 1. (a) Probability of recombining to an internal energy state as
function of j( j+1) at different v (b) Results from (a) but plotted on
a log scale. T = 5, 000 K is used and the probability is normalized by
the ground internal energy state probability.
a function of internal energy. Note that in Fig. 3(a), the prob-
abilities of recombination at allowed ro-vibrational quantum
states are binned in internal energy groups. The probability
of recombining to a bound state (εint < 9.91 eV) with higher
internal energy is higher, and is weakly dependent on the tem-
perature. In contrast, the probability of recombining to a quasi
bound state decreases as internal energy is increased. The
quasi-bound recombining probability has a relatively stronger
dependence on the temperature. In order to understand these
trends, we need to consider the distribution of diatomic inter-
nal energy into the allowed rovibrational quantum states and
the role of the centrifugal barrier term, which results in the
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FIG. 2. (a) Probability of recombining to an internal energy state as
a function of v at different j. (For brevity only few v with a gap of 5
are plotted, out of which only a few are mentioned). (b) Probability
of recombining to an internal energy as a function of εint( j,v). T
= 5, 000 K is used and the probability is normalized by the ground
internal energy state probability.
observed temperature dependence of the recombination prob-
ability.
Let us first consider the distribution of internal energy
among ro-vibrational quantum states. A rovibrational quan-
tum state is defined by rotational ( j) and vibrational (v) quan-
tum number and the degeneracy associated with j is (2 j+1).
As mentioned earlier, different ro-vibrational quantum states
can have the same internal energy (εint( j,v)). If the internal
energy is binned, then the probability with which an internal
energy state can exist in a diatomic molecule can be written
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Frequency (Eq. 32) of observing an internal energy εint in a diatomic
molecule.
as fs(εint),
fs(εint) =
∑ j′,v′ (2 j′+1) I∆εint ( j
′,v′)
∑εint ∑ j′,v′ (2 j′+1) I∆εint ( j′,v′)
(32)
where I∆εint ( j
′,v′) = 1 ∀{ j′,v′} such that εint( j′,v′) ∈ [εint −
∆εint/2,εint +∆εint/2] and 0 otherwise. The variation of this
quantity ( fs(εint)) with εint is shown in Fig. 3(b), which is
also peaked around εd . If hypothetically, the probability of
recombination to form a molecule with a given internal en-
ergy is assumed independent of the magnitude of the internal
energy, then the overall probability distribution of the recom-
bined molecules will be identical to fs(εint). Therefore, to
first order, the general trend of the relative probability (i.e. in-
crease with internal energy for bound state and decrease with
internal energy for quasi-bound state in Fig. 3(a) resembles
the trend of fs(εint)) in Fig. 3(b). Physically, this just means
that if there are more ways of observing a given internal en-
ergy in a diatomic molecule, the probability that atoms will
recombine in that state will be higher.
Sections II-V focused on the derivation of the analytical re-
combination model using microscopic reversibility and state-
specific dissociation rate expressions. Together with the dis-
sociation rate model developed in Ref.1, the recombination
model provides closure to Eqs. 3-5, which can be applied to
model chemical kinetics coupled to internal energy relaxation.
However, before testing the combined dissociation and recom-
bination model, there is one more important aspect to con-
sider. The dissociation model1 is based on non-Boltzmann
distributions in which high energy states are depleted. There-
fore, the dissociation model must be extended to include the
effects of recombination reactions, which re-populate the de-
pleted high energy states. This extension of the dissociation
model to include recombination reactions is considered next
in Section VI.
VI. NON-BOLTZMANN DISTRIBUTION MODELING
INCLUDING RECOMBINATION REACTIONS
In this section, an extension of the non-Boltzmann dis-
tribution model26 to include the effect of recombination
is derived. The model extension is developed using the
surprisal35–37 analysis based QSS distribution model30 under-
going only dissociation. The derivation employs only micro-
scopic reversibility41,42, master-equation, and does not require
any additional adjustable parameters. Before deriving the ef-
fect of recombination on non-Boltzmann distributions, for the
sake of completeness, first a brief review of the depleted QSS
distribution model is presented.
A. Review: Non-Boltzmann Distribution Modeling for a
Dissociating Gas
In prior work26,30, the proposed model for non-Boltzmann
vibrational energy distributions, fNB(v), behind strong shocks
is given by:
fNB(v) =
f˜ (v;Tv)+Λ f d(v;T )
1+Λ
(33)
where f˜ (v;Tv) and f d(v;T ) are defined as follows:
f d(v;T ) =
exp
[
−εv(v)
kBT
−λ1,v
〈εt〉
εd
v
]
∑v exp
[
−εv(v)
kBT
−λ1,v
〈εt〉
εd
v
] (34)
9f˜ (v;Tv) =
exp
[
− ∆εv
kBTv
−λ1,v
〈εt〉
εd
v
]
vmax
∑
v
exp
[
− ∆εv
kBTv
−λ1,v
〈εt〉
εd
v
] (35)
Here, the parameter Λ ensures that ∑v εv(v) fNB(v) = 〈εv〉. Tv
is called vibrational temperature, such that a Boltzmann dis-
tribution at Tv recovers the average vibrational energy of the
gas. ∆ε = εv(1)− εv(0) and λ1,v is a free parameter chosen to
match the depletion observed in Direct Molecular Simulation
(DMS) calculations. Singh and Schwartzentruber30 developed
Eq. 34 using a surprisal framework to model the depletion of
high energy states due to QSS dissociation. Eq. 34 is in-fact
a Boltzmann distribution corrected for depletion of the high
energy tail using the parameter λ1,v. In Eq. 35, the low en-
ergy states which have nearly constant energy spacing (∆ε )
are populated according to a Boltzmann distribution, such as
in the simple harmonic oscillator assumption, and the high en-
ergy states are depleted due to dissociation.
B. Extension to a General Non-Equilibrium Distribution
Model Including Recombination
In order to develop a general non-equilibrium distribution
model, we analyze the system using master equation. More
specifically, we analyze evolution of the vibrational energy
distribution function. An evolution equation (similar to Eq. 2)
for the vibrational energy population [AB(v)] at a given trans-
lational temperature (T ), can be written as:
d [AB(v)]
dt
= ∑
v′ 6=v
kv′−v[AB(v′)][C]−
(
∑
v′ 6=v
kv−v′
)
[C][AB(v)]
−kv−d [C][AB(v)]+ kr−v[C][A][B]
(36)
Here, kv−v′ is the rate constant for transitioning from state
v to v′ during a collision with partner C, d denotes the dis-
sociated state and r− v denotes recombination to a state v.
kv−v′(≡ ki−i′(T,〈εrot〉)) depends on T and 〈εrot〉 but for nota-
tional brevity, we have dropped the dependence. Note that,
in Eq. 36, the rate constants are averaged over the rovibra-
tional states of the colliding partner when it is a diatom. We
transform Eq. 36 to obtain an evolution equation for f (v)(=
[AB(v)]/[AB]) as:
d f (v)
dt
= ∑
v′ 6=v
kv′−v f (v′)[C]−
(
∑
v′ 6=v
kv−v′
)
[C] f (v)
−kv−d [C] f (v)+ kr−v[C]
[A][B]
[AB]
− f (v)
(
−kd [C]+ krec[C]
[A][B]
[AB]
) (37)
where
kd =∑
v
kv−d f (v) krec =∑
v
kr−v (38)
where kd is the overall dissociation rate coefficient and krec is
the overall recombination rate coefficient. Equation 36 has
been summed over all v’s to obtain d [AB]/dt in Eq. 37. It
is nearly impossible to develop an exact analytical solution of
Eq. 37, without making overly simplified assumptions which
are inaccurate at high temperatures48–51. We therefore are in-
terested in finding an approximate solution of this equation
by considering this equation in two limits: dissociation domi-
nated and recombination dominated.
1. Dissociation dominated gas
Let us first consider Eq. 37, when the gas is not undergoing
any appreciable recombination reactions (kr−v = krec = 0):
d f (v)
dt
= ∑
v′ 6=v
kv′−v f (v′)[C]−
(
∑
v′ 6=v
kv−v′
)
[C] f (v)
−[C] f (v)(kv−d− kd)
(39)
As stated in Eq. 34, an approximate solution for f (v) in the
QSS phase has been developed by the authors30.
f d(v;T ) =
f0(v)exp
[
δˆvv
]
∑v f0(v)exp
[
δˆvv
]
δˆv =−λ1,v
〈εt〉
εd
(40)
where f0(v) is Boltzmann distribution, and λ1,v is the parame-
ter obtained from DMS results. Let us analyze QSS by insert-
ing Eq. 40 in Eq. 39
d f (v)
dt
= ∑
v′ 6=v
kv′−v f (v′)[C]−
(
∑
v′ 6=v
kv−v′
)
[C] f (v)
− f (v)[C]
(
kv−d−∑
v
kv′−d f (v′)
)
= 0
=⇒ ∑
v′ 6=v
kv′−v f0(v′)exp
[
δˆvv′
]
−
(
∑
v′ 6=v
kv−v′
)
f0(v)exp
[
δˆvv
]
− f0(v)exp
[
δˆvv
](
kv−d−∑
v′
kv′−d f0(v′)exp
[
δˆvv′
])
= 0
(41)
Based on the magnitude of λ1,v = 0.08, we can approximate
the exponential in Eq. 41 using series52
∑
v′ 6=v
kv′−v f0(v′)
[
1+ δˆvv′
]
−
(
∑
v′ 6=v
kv−v′
)
f0(v)
[
1+ δˆvv
]
− f0(v)exp
[
1+ δˆvv
](
kv−d− k∗d−∑
v′
kv′−d δˆvv′
)
= 0
(42)
We next transform kv′−v using microscopic reversibility
(kv′−v = kv−v′ f0(v)/ f0(v′)) and rearrange terms in Eq. 42 to
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obtain:
∑
v′ 6=v
kv−v′ f0(v)−
(
∑
v′ 6=v
kv−v′
)
f0(v)
∑
v′ 6=v
kv−v′ f0(v)
[
δˆvv′
]
−
(
∑
v′ 6=v
kv−v′
)
f0(v)
[
δˆvv
]
− f0(v)
[
1+ δˆvv
](
kv−d− k∗d−∑
v′
kv′−d δˆvv′
)
= 0
(43)
Removing the first two terms in Eq. 43 as they are the negative
of one another, and normalizing the entire equation by f0(v),
we obtain:
∑
v′ 6=v
kv−v′
[
δˆvv′
]
−
(
∑
v′ 6=v
kv−v′
)[
δˆvv
]
−
[
1+ δˆvv
](
kv−d− k∗d−∑
v′
kv′−d δˆvv′
)
= 0
(44)
We further ignore δˆ terms in relation to unity:
∑
v′ 6=v
kv−v′
[
δˆvv′
]
−
(
∑
v′ 6=v
kv−v′
)[
δˆvv
]
− (kv−d− k∗d) = 0
(45)
Equation 45 can be seen as an equation for the parameter δˆv,
which depends on T alone. A solution requires state-specific
transition rates and dissociation rates. The objective of deriv-
ing this equation here is to compare it to the analogous equa-
tion for a recombination dominated gas.
2. Recombination dominated gas
In this subsection, we consider ro-vibrational relaxation
where recombination reactions are dominant. For this, we can
neglect the dissociation terms from Eq. 37 to obtain (kv−d =
kd = 0):
d f (v)
dt
= ∑
v′ 6=v
kv′−v f (v′)[C]−
(
∑
v′ 6=v
kv−v′
)
[C] f (v)
+kr−v[C]
[A][B]
[AB]
− f (v)krec[C]
[A][B]
[AB]
(46)
We first express recombination rates in terms of the equilib-
rium constant and dissociation rates using the principle of mi-
croscopic reversibility41,42, which is :
kr−v = kv−d exp
[
−εv(v)
kBT
]
1
χ(T )
= kv−d f0(v)
1
KC
(47)
where χ(T ) depends on partition functions and
KC =
χ(T )
Zv(T )Zrot(T )
. (48)
Inserting Eqs. 47 and 48 in Eq. 46 gives
d f (v)
dt
= ∑
v′ 6=v
kv′−v f (v′)[C]−
(
∑
v′ 6=v
kv−v′
)
[C] f (v)
+[C]
[A][B]
[AB]
1
KC
(kv−d f0(v)− f (v)k∗d)
(49)
We hypothesize the steady state solution of Eq. 49, f r(v;T ) is
similar to the QSS distribution for the dissociation case (con-
sidered in the previous subsection):
f r(v;T ) =
f0(v)exp
[
δˆ rv v
]
∑v f0(v)exp
[
δˆ rv v
] (50)
where δˆ rv is unknown. Inserting Eq. 50 in Eq. 49, and follow-
ing similar steps taken in deriving Eq. 43, yields
∑
v′ 6=v
kv−v′
[
δˆ rv v
′
]
−
(
∑
v′ 6=v
kv−v′
)[
δˆ rv v
]
+
[A][B]
[AB]
1
KC
(
kv−d− k∗d− δˆ rv k∗d
)
= 0
(51)
Ignoring the δˆ rv term in relation to unity, and rearranging terms
gives
∑
v′ 6=v
kv−v′
[
δˆ rvKC
[AB]
[A][B]
v′
]
−
(
∑
v′ 6=v
kv−v′
)[
δˆ rvKC
[AB]
[A][B]
v
]
+(kv−d− k∗d) = 0
(52)
Equation 52 can be seen as an evolution equation for the pa-
rameter δˆ rv , which should depend on T and the concentration
of different species. But because δˆv is an approximate solution
of Eq. 45, then
δˆ rvKC
[AB]
[A][B]
=−δˆv
=⇒ δˆ rv =−
[A][B]
[AB]
1
KC
δˆv
(53)
is the corresponding approximate solution of Eq. 52. This re-
sult is physical on two grounds (a) the opposite sign of δˆ rv
and δˆv terms corresponds to the overpopulation and depletion
of high-vibrational states due to recombination and dissoci-
ation respectively, (b) at equilibrium ( [A]
∗[B]∗
[AB]∗
1
KC
= 1, where
∗ denotes equilibrium compositions), and the extent of over-
population due to recombination is balanced by the extent of
depletion due to dissociation. Note that even when the ther-
mal state of the gas may be close to equilibrium (T ' Tv), the
underlying distributions may still be depleted due to dissoci-
ation or overpopulated due to recombination. It is only when
chemical equilibrium is reached, that the gas obeys the corre-
sponding equilibrium Boltzmann distribution as expected.
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C. Non-Equilibrium Vibrational Energy Distribution Model
for Dissociating and Recombining Gas at High Temperature
The full non-equilibrium vibrational energy distribution
model can now be formulated using Eqs. 33 and 53 as fol-
lows:
fNB(v) =
f˜ (v;Tv)+Λ f r,d(v;T )
1+Λ
(54)
where f r,d(v;T ) and f˜ (v;Tv,T0) are defined as follows:
f r,d(v;T ) =
exp
[
−εv(v)
kBT
−λ1,v
〈εt〉
εd
(
1− [A][B]
[AB]
1
KC
)
v
]
∑v exp
[
−εv(v)
kBT
−λ1,v
〈εt〉
εd
(
1− [A][B]
[AB]
1
KC
)
v
]
(55)
f˜ (v;Tv) =
exp
[
− ∆εv
kBTv
−λ1,v
〈εt〉
εd
(
1− [A][B]
[AB]
1
KC
)
v
]
vmax
∑
v
exp
[
− ∆εv
kBTv
−λ1,v
〈εt〉
εd
(
1− [A][B]
[AB]
1
KC
)
v
]
(56)
where the QSS distribution (Eq. 34) in Eq. 54 now includes
the re-population effects in Eq. 55. The distribution goes to
a Boltzmann distribution when the gas reaches equilibrium
(Λ → ∞), as desired. It is good to recall at this stage that
that in the derivation, we assumed that the re-population term
due to recombination is small. While this holds for most con-
ditions of interest, if during a simulation the deviation from
equilibrium state is arbitrarily large ( [A]
∗[B]∗
[AB]∗
1
KC
>> 1), practi-
cal implementation may require limiting the value of the re-
population term.
VII. RESULTS AND DISCUSSION
In order to assess the quantitative behavior of the recombi-
nation model, we perform simulations for ro-vibrational relax-
ation of nitrogen gas under isothermal conditions. The disso-
ciation model has been shown to agree with Direct Molecular
Simulation (DMS) calculations in Ref.27, where recombina-
tion reactions are not included. In this section, we first test
the recombination model for isothermal relaxation and then
compare to predictions using the Park model.
A. Isothermal relaxation
For the sake of completeness and a better understanding
of the role of recombination, we simulate ro-vibrational re-
laxation of nitrogen with an initial density of 1.28 kg/m3.
We reproduce such a calculation from our earlier work27 in
Fig. 4(a). For the DMS calculation, at each time step, the
translational energy of the molecules are re-initialized, from
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FIG. 4. (a) Isothermal ro-vibrational relaxation of nitrogen at T =
20,000 K. Image is taken from Ref.27 (Fig. 7) (b) Model results
including recombination. DMS results are taken from Ref.8.
a Maxwell-Boltzmann distribution at a temperature of T =
20,000 K to maintain isothermal condition. Initial internal en-
ergy of the molecules is sampled from a Boltzmann distribu-
tion at Tv = Trot = 3,000 K. As time progresses, the gas starts
to excite, and the average rotational and vibrational energies
excite to steady values. The average rotational energy excites
at a faster rate than the average vibrational energy. The steady
state value of the average energies are different from the cor-
responding equilibrium values denoted by 〈εv〉∗ ≡ Vib∗ and
〈εrot〉∗ ≡ Rot∗53. The steady state is not the equilibrium state,
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and is referred to as quasi-steady state (QSS). The system
reaches QSS because the dissociation, shown by the decrease
in the concentration of nitrogen molecules, balances the exci-
tation process due to inelastic collisions. This means that the
removal of the average internal energy from the system due to
dissociation is balanced by the addition due to excitation. The
atoms do not recombine in the current DMS calculations54 ,
therefore the system remains in QSS and does not reach equi-
librium.
Consider the same simulation (as shown in Fig, 4(a)) again,
but now including the analytical recombination model for
modeling recombination reactions. The results for the simu-
lations are shown in Fig. 4(b). The system in this case reaches
the equilibrium state, where the internal energies reach their
equilibrium values. The early phase of excitation is dominated
by dissociation, and recombination remains negligible until
the system reaches the QSS phase (time 10−8s). After the
system has reached QSS, recombination of atoms increases
the average vibrational and rotational energies of the system
and the system progresses towards equilibrium.
B. Effect of recombination on non-Boltzmann distributions
and dissociation
In this section, the effect of extension to the non-Boltzmann
distribution model derived in Section VI is shown. In or-
der to illustrate the effect of re-population, the simulation in
Fig. 4 is considered again in Fig. 5, where model results with-
out re-population terms are also included. As shown in the
zoomed-in views of the steady state in Fig. 5(b), the system
with no-repopulation term does not reach equilibrium. In the
steady state where re-population effects are absent, the dis-
sociation rate is based on the depleted distributions (Eq. 34).
Therefore, less overall dissociation relative to recombination
results in the average vibrational energy being higher than the
equilibrium value. The deviation from equilibrium is more
apparent in the concentration where due to a lower dissocia-
tion rate, the steady state concentration of nitrogen molecules
is higher than the corresponding equilibrium value. When
re-population of high energy states due recombination is in-
cluded as depicted by ‘Model’, the concentration as well as
average ro-vibrational energies reach the corresponding equi-
librium values.
C. Model Comparison to the Park Model
Next, the results obtained from the Park model are com-
pared with the analytical model in Fig. 6. In the case of the
Park model, the average vibrational energy of recombined
atoms is set equal to the average vibrational energy of the
molecules in the gas. The recombination rates in the Park
model are obtained using the principle of detailed balance
(Eq. 15). The Park model significantly over-predicts the rate
of dissociation. Because the resulting recombination rates are
higher (higher dissociation rates), the system reaches chem-
ical equilibrium faster compared to the results of the new
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FIG. 5. (a) Isothermal ro-vibrational relaxation of nitrogen at T =
20,000K. Model results with no recombination, recombination and
re-population due to recombination reactions. (b) Zoomed in view
of steady state region of (a). DMS results are taken from Ref.8. ‘∗’
refers to equilibrium values, shown by red circles.
model. Therefore, the Park model may predict a gas to be
in equilibrium at a point in the flow, when in fact the gas
should still be in nonequilibrium. More comparative simu-
lations at conditions representative of post-shock conditions
showing higher dissociation and faster approach to equilib-
rium are shown in Fig. 7.
In the last set of comparisons between the ab initio model
and the Park model, we consider a simulation at a condition
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FIG. 6. Isothermal ro-vibrational relaxation of nitrogen at T =
20,000K. Comparison of Park model with ab-initio model.
representative of expanding flow i.e Tv > T in Fig. 8. In the
ab initial model, due to the lower vibration time constant from
N2-N interactions (see Fig. 5 in Ref8), the average vibrational
energy relaxes faster in the ab initio model compared to the
Park model. The rapid decrease in the concentration of atomic
nitrogen shows that recombination rate in the Park model is
significantly faster than in the ab initio model.
Because the recombination rates in the case of the Park
model are based on the principle of detailed balance, the sys-
tem reaches the equilibrium state. Recall that the dissociation
rate coefficients (in the case of Park model) for T = Tv are
based on the fit to experiments, which have large uncertain-
ties. Even in the case where accurate measurements can be
made for the dissociation rate coefficients, the experimental
rates may include non-Boltzmann (QSS) distributions effects.
It is also worthwhile to consider that a vibrational tempera-
ture Tv approximately equals to T does not necessarily mean
the gas is in equilibrium55. Tv extracted from the population
of low lying vibrational states does not contain any informa-
tion of the high-energy tail of the distribution, which affects
and is affected by, the dissociation process. Therefore, merely
setting T = Tv in the case of Park’s model does not recover
equilibrium rates, which are needed in the principle of de-
tailed balance to infer recombination rates.
VIII. SUMMARY AND CONCLUSIONS
In this article, a state-specific recombination probability
model (Eq. 26) is derived using the principle of microscopic
reversibility and state-specific dissociation rates (derived in
Ref.1). The state-specific recombination probability is shown
to have high favoring for higher vibrational energy states as
time (s)
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FIG. 7. Comparison of the model (shown as solid lines) with Park
model (shown as dashed lines) for compression type flows. For all
the simulations, the initial condition has pure nitrogen molecules
0.01 kg/m3 with ro-vibrational energy at Tv = Trot = 300 K.
expected. The role of the centrifugal barrier in limiting the
probability into higher rotational energy states is also derived
and analyzed. The state-specific model can be used in DSMC
for recombination, which is consistent with the dissociation
model developed in earlier work (see Eq. 10 of Ref.1).
Using the state-specific recombination probability, a
continuum-level recombination model is derived analytically
in Eq. 15. The expression (Eqs. 23 and 24) for the average
internal energy of molecules formed in a recombination re-
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action, consistent with the state specific recombination rates,
is also developed. Additionally, the vibrational energy of the
formed molecules in recombination is mathematically shown
to be equal to the average vibrational energy of dissociating
molecules at equilibrium.
As a final modeling step, an extension to the generalized
non-equilibrium vibrational energy distribution model is de-
veloped in Eq. 54 to now include recombination effects. The
derivation uses the principle of microscopic reversibility, the
QSS distribution model for a dissociating gas, and master
equation with no new adjustable parameters. The model re-
produces the depletion of high-energy states due to dissoci-
ation and re-population of high energy states due to recom-
bination. The extended nonequilibrium distribution model is
incorporated in the continuum dissociation rate model.
Using the ab-initio recombination model, isothermal relax-
ation simulations are performed and it is shown that once the
re-population effects due to recombination reactions are taken
into account in the continuum dissociation model, the system
is driven out of a near equilibrium stationary state into the
equilibrium state. The complete ab initio continuum dissoci-
ation model is given by Eqs. C1 and C9 which uses the ex-
tended non-Boltzmann vibrational energy distribution model
including recombination from Eq. 54. Similarly, the contin-
uum recombination model is given by Eqs. 15, 23 and 24.
Isothermal relaxation simulations are also performed us-
ing the Park model, where the recombination rates are de-
rived using the principle of detailed balance. It is pointed out
that as high-temperature dissociation is inherently a nonequi-
librium process, using experimental dissociation rate data to
calculate recombination rates (using the principle of detailed
balance) may be inaccurate because equilibrium dissociation
rates are required according to the principle of microscopic
reversibility. In isothermal relaxation simulations, it is shown
that faster dissociation in the case of the Park model results
in faster recombination and therefore faster approach to equi-
librium, compared to the ab-initio model. The implication
of this is that an ensemble of high-temperature gas otherwise
in nonequilibrium may in fact be predicted to be in (or near)
equilibrium if Park’s model is used.
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Appendix A: Park model4 parameters
1. For the dissociation rate constant, Park’s two temperature model3,4 is used as follows:
kdN2−X =CxT
η
eff exp
[
− θd
Teff
]
(A1)
whereCN2 = 0.01162 cm
3molecule−1s−1,CN = 0.0498 cm3molecule−1s−1, η =−1.6, θd = 113,200 K and Teff =
√
TvT .
2. Time constants used in the existing CFD formulation are based on Millikan and White experimental fits56 along with the
Park high temperature correction3:
pτv,X = exp
[
am
(
T−1/3−bm
)
−18.42
]
(A2)
where pτv,X is in atm-s, p is pressure, aN2 = 221,aN = 180,bN2 = 0.0290,bN = 0.0262.
3. The average energy of dissociating molecules, 〈εdv 〉 is set as 〈εv〉.
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4. The average vibrational energy of recombining atoms, 〈εrv〉 is set as 〈εv〉.
Appendix B: DSMC Probability Model and Derivation of State Specific Dissociation Model
The state-specific dissociation rate constant, k jv−d(T ) is obtained using the state-specific dissociation probability
(p(d|εrel ,εrot ,εv)) and a Maxwell-Boltzmann distribution as:
k jv−d(T ) =
1
S
(
8kBT
piµC
)1/2 vmax
∑
v=0
jmax
∑
j=0
∫ ∞
0
p(d|εrel ,εrot ,εv)pib2max
(
εrel
kBT
)
exp
[
− εrel
kBT
]
d
(
εrel
kBT
)
=
1
S
(
8kBT
piµC
)1/2
pib2maxC1
vmax
∑
v=0
jmax
∑
j=0
exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
×
∫ ∞
εeffd −εint
[
(εrel+ εint − εeffd )α
εrel
](
1
εd
)α−1( εrel
kBT
)
exp
[
− εrel
kBT
]
d
(
εrel
kBT
)
(B1)
With substitution of (εrel+ εint − εeffd )/(kBT ) = x, one can reduce the above expression to the following:
k jv−d(T ) =
1
S
(
8kBT
piµC
)1/2
pib2maxC1 exp
[
− εd
kBT
](
kBT
εd
)α−1 ∫ ∞
0
xα exp(−x)dx×{
vmax
∑
v=0
jmax
∑
j=0
exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
exp
[
εint
kBT
]
exp
[
−θCBεrot
kBT
]} (B2)
Solving the integral above (α >−1 is required for convergence, which is the case):
k jv−d(T ) =
1
S
(
8kBT
piµC
)1/2
pib2maxC1 exp
[
− εd
kBT
](
kBT
εd
)α−1
×Γ[1+α]
{
vmax
∑
v=0
jmax
∑
j=0
exp
[
β
εeffrot
εd
]
exp
[
γ
εv
εd
]
exp
[
δ
|εint − εd |
εd
]
× exp
[
εint
kBT
]
exp
[
−θCBεrot
kBT
]} (B3)
where the quantity in curly brackets can be expressed as contribution from bound and quasi-bound molecules. Eqs. B–B3 are
also presented in the appendix of Ref.1, where details of the state-specific reaction probability are given. The equations are
reproduced here for completeness.
Appendix C: Ab Initio Continuum Model Equations
The inputs required for the zero-dimensional continuum relaxation calculations (Eqs.3–16) are presented in this appendix;
namely, the rate constant (kdN2−X ), and the average energy of the dissociating molecules (〈εdv 〉) are presented in this appendix.
1. Dissociation Rate Constant
The full model expression for the new non-equilibrium model was derived in Sec. D of Ref.1, and is listed again here for
completeness:
kNB =
k˜(T,Trot ,Tv;T0)+Λkˆ(T,Trot ,T )
1+Λ
. (C1)
Here, k˜(T,Trot ,Tv;T0) represents the contribution predominantly from the low energy states, and kˆ(T,Trot ,T ) represents the
contribution from the high energy tail of the distribution. Λ controls the relative importance of each term capturing the overpop-
ulation and depletion effects.
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a. Contribution from the low-energy states k˜(T,Trot ,Tv;T0)
The expression for k˜(T,Trot ,Tv;T0) is:
k˜(T,Trot ,Tv;T0) = ATη exp
[
− εd
kBT
]
∗ [H˜(εd ,0,1)+ H˜(εmaxd ,εd ,2)] (C2)
η = α− 1
2
; A=
1
S
(
8kB
piµC
)1/2
pib2maxC1Γ[1+α]
(
kB
εd
)α−1
H˜(x,y,n) =
exp[(−1)n−1δ ]
Z˜(Tv,T0,Trot)
exp
[
xζˆrot
]
g˜(ζˆvr)− exp
[
yζˆrot
]
g˜(ζv− yζˆrot/εd)
kBθrot ζˆrot
;
(C3)
where
ζˆrot =− 1kBTrot +
1
kBT
+
β −θCB+(−1)nδ
εd
− θCB
kBT
+
δˆrot
θrotkB
;
ζv =+
1
kBT0
+
1
kBT
+
γ+(−1)nδ
εd
; ζˆvr = ζv− ζˆrot
∆ε = εv(1)− εv(0) = kBθ Iv
Z˜(Tv,T0,Trot) =
Trot
θrot −
Trot
θrotkB
δˆrot
{
g˜
(
+
1
kBT0
)
− exp
[
− ε
max
d
kBTrot
+ εmaxd
δˆrot
kBθrot
]
× g˜
(
+
1
kBT0
+
1
kBTrot
− δˆrot
kBθrot
)}
; (C4)
δˆv =−λ1,v 3kBT2εd
(
1− [A][B]
[AB]
1
KC
)
δˆrot =−λ1, j 3kBT2εd
(
1− [A][B]
[AB]
1
KC
) (C5)
where the expression for g˜ is:,
g˜(x) =∑
m
g˜m(x)
g˜m(x) = exp
[
xEm− + δ˜vm−
] 1− exp[(m+−m−)(xθmv kB+ δ˜v)]
1− exp[x θmv kB+ δ˜v]
δ˜v = δˆv−
∆ε
kBTv
− ∆ε
kBT0
and where δˆv and δˆrot accounts for the depletion in the population due to dissociation.
The expression for the derivative of g˜(x) denoted as g˜′(x) is:
g˜′(x) =∑
m
g˜′m(x)
g˜′m(x) =
∂ g˜m
∂x
= g˜m
∂ log g˜m
∂x
g˜′m(x) = g˜m(x)
{
Em− −
(m+−m−)θmv kB exp[(m+−m−)(xθmv kB+ δ˜v)]
1− exp[(m+−m−)(xθmv kB+ δ˜v)]
+
θmv kB exp[x θmv kB+ δ˜v]
1− exp[x θmv kB+ δ˜v]
}
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b. Contribution from the high-energy states, kˆ(T,Trot ,Tv)
The expression for kˆ(T,Trot ,Tv) is:
kˆ(T,Trot ,Tv) = ATη exp
[
− εd
kBT
]
∗ [Hˆ(εd ,0,1)+ Hˆ(εmaxd ,εd ,2)] (C6)
η = α− 1
2
; A=
1
S
(
8kB
piµC
)1/2
pib2maxC1Γ[1+α]
(
kB
εd
)α−1
Hˆ(εi,ε j,n) =
exp[(−1)n−1δ ]
Zˆ(Trot ,Tv)
exp
[
εiζˆrot
]
gˆ(ζˆvr)− exp
[
ε jζˆrot
]
gˆ(ζv− ε jζˆrot/εd)
kBθrot ζˆrot
,
(C7)
where,
ζˆrot =− 1kBTrot +
1
kBT
+
β −θCB+(−1)nδ
εd
− θCB
kBT
+
δˆrot
θrotkB
;
ζv =− 1kBTv +
1
kBT
+
γ+(−1)nδ
εd
; ζˆvr = ζv− ζˆrot
Zˆ(Trot ,Tv) =
Trot
θrot −
Trot
θrotkB
δˆrot
{
gˆ
(
− 1
kBTv
)
− exp
[
− ε
max
d
kBTrot
+ εmaxd
δˆrot
kBθrot
]
× gˆ
(
− 1
kBTv
+
1
kBTrot
− δˆrot
kBθrot
)}
;
(C8)
δˆv =−λ1,v 3kBT2εd δˆrot =−λ1, j
3kBT
2εd
,
where the expression for gˆ is:,
gˆ(x) =∑
m
gˆm(x)
gˆm(x) = exp
[
xEm− + δˆvm−
] 1− exp[(m+−m−)(xθmv kB+ δˆv)]
1− exp[x θmv kB+ δˆv]
We note that rate, kˆ(T,Trot ,Tv) alone could be used to model nonequilibrium because the overpopulation effect, embedded in
the full expression in Eq. C1 does not play a significant role in the overall dissociation trend as shown in Ref.27.
2. Average vibrational (〈εdv 〉) and rotational (〈εdrot〉) energy of dissociating molecules
The average vibrational energy of dissociated molecules is calculated in the manner analogous to the rate constant :
〈εdv 〉NB(T,Trot ,Tv) =
〈ε˜dv 〉(T,Trot ,Tv;T0)+ 〈εˆdv 〉(T,Trot ,Tv)Λkr
1+Λkr
(C9)
where
kr =
kˆ(T,Trot ,T )
k˜(T,Trot ,Tv;T0)
(C10)
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and where the expression for ε˜dv (T,Trot ,Tv;T0) is:
〈ε˜dv 〉(T,Trot ,Tv) =
Φ˜(εd ,0,1)+ Φ˜(εmaxd ,εd ,2)
H˜(εd ,0,1)+ H˜(εmaxd ,εd ,2)
(C11)
The functions in Eq. C11 are given by:
Φ˜(εi,ε j,n) =
exp[(−1)n−1δ ]
Z˜(Tv,T0,Trot)
exp
[
εiζˆrot
]
g˜′(ζˆvr)− exp
[
ε jζˆrot
]
g˜′(ζv− ε jζˆrot/εd)
kBθrot ζˆrot
;
H˜(εi,ε j,n) =
exp[(−1)n−1δ ]
Z˜(Tv,T0,Trot)
exp
[
εiζˆrot
]
g˜(ζˆvr)− exp
[
ε jζˆrot
]
g˜(ζv− ε jζrot/εd)
kBθrot ζˆrot
;
and the expression for 〈εˆdv 〉(T,Trot ,Tv) is:
〈εˆdv 〉(T,Trot ,Tv) =
Φˆ(εd ,0,1)+ Φˆ(εmaxd ,εd ,2)
Hˆ(εd ,0,1)+ Hˆ(εmaxd ,εd ,2)
(C12)
where
Φˆ(εi,ε j,n) =
exp[(−1)n−1δ ]
Zˆ(Trot ,Tv)
exp
[
εiζˆrot
]
gˆ′(ζˆvr)− exp
[
ε jζˆrot
]
gˆ′(ζv− ε jζˆrot/εd)
kBθrot ζˆrot
;
(C13)
Hˆ(εi,ε j,n) =
exp[(−1)n−1δ ]
Zˆ(Trot ,Tv)
exp
[
εiζˆrot
]
gˆ(ζˆvr)− exp
[
ε jζˆrot
]
gˆ(ζv− ε jζrot/εd)
kBθrot ζˆrot
;
(C14)
and where the derivatives of gˆ can be expressed in the following manner:
gˆ′(x) =∑
m
gˆ′m(x) (C15)
gˆ′m(x) =
∂ gˆm
∂x
= gˆm
∂ log gˆm
∂x
(C16)
gˆ′m(x) = gˆm(x)
{
Em− −
(m+−m−)θmv kB exp[(m+−m−)(xθmv kB+ δˆv)]
1− exp[(m+−m−)(xθmv kB+ δˆv)]
+
θmv kB exp[x θmv kB+ δˆv]
1− exp[x θmv kB+ δˆv]
}
(C17)
As discussed in the article, we propose that the following simple approximation is accurate for the average rotational energy
of dissociated molecules:
〈εdrot〉NB(T,Trot ,Tv) = εd−〈εdv 〉NB(T,Trot ,Tv) (C18)
The above proposition is also based on the finding in Ref.47, where the average internal energy of dissociating molecules is
approximately εd for the considered range of conditions.
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3. Calculation of the parameter Λ
As seen in Eq. B1, Λ controls the relative importance from both the overpopulation phase and the depleted QSS phase. As
derived in the appendix of Ref.1(see Eqs. D1-D4 of Ref.1), Λ is given by:
Λ=
〈εv〉−〈ε˜v〉(Tv,T0,Trot)
〈εˆv〉(Trot ,Tv)−〈εv〉 (C19)
The parameter Λ requires two quantities 〈ε˜v〉 and 〈εˆv〉, which are mathematically described as:
〈ε˜v〉(Tv,T0,Trot) =
1
Z˜(Tv,T0,Trot)
Trot[
θrot −
Trot
θrotkB
δˆrot
]{−g˜′(+ 1
kBT0
)
+ exp
[
− ε
max
d
kBTrot
+ εmaxd
δˆrot
kBθrot
]
×g˜′
(
+
1
kBT0
+
1
kBTrot
− δˆrot
kBθrot
)} (C20)
〈εˆv〉(Trot ,Tv) =
1
Zˆ(T,T )
Trot[
θrot −
Trot
θrotkB
δˆrot
]{−gˆ′(− 1
kBTv
)
+ exp
[
− ε
max
d
kBTrot
+ εmaxd
δˆrot
kBθrot
]
× gˆ′
(
− 1
kBTv
+
1
kBTrot
− δˆrot
kBθrot
)}
(C21)
4. Other expressions required by the ab initio model
The expression for g, required for the recombination rate is:
g(x) =∑
m
gm(x) (C22)
gm(x) = exp [xEm− ]
1− exp[x(m+−m−)θmv kB]
1− exp[x θmv kB]
(C23)
The derivative of the g function, required in the estimation of average vibrational energy of molecule formed in recombination,
is:
g(x)′ =∑
m
gm(x)
′
gm(x)
′ =
∂gm
∂x
= gm
∂ loggm
∂x
g′m(x) = gm(x)
{
Em− −
(m+−m−)θmv kB exp[x(m+−m−)θmv kB]
1− exp[x(m+−m−)θmv kB]
+
θmv kB exp[x θmv kB]
1− exp[x θmv kB]
}
,
where g′m(0)≡ limx→0 g′m(x).
5. Ab-initio Model Parameters for Nitrogen
All of the parameters required for the model equations are listed in Table I.
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TABLE I. Constants for approximation of ab initio energies and parameters required in the model.
Vibrational energy θ Iv = 3390 K for v ∈ [0,9),
(SHO) θ IIv = 0.75 θ Iv for v ∈ [9,31),
θ IIIv = 0.45 θ Iv for v ∈ [31,55)
Rotational energy (Rigid Rotor) θrot = 2.3 K
Centrifugal barrier θCB = 0.27
Diatomic energies εd = 9.91eV,εmaxd = 14.5eV
Reaction probability C1 = 8.67×10−5, α = 1.04,
β = 4.81, γ = 5.91, δ = 1.20
Non-Boltzmann distributions30 λ1,v = 0.080,λ1, j = 4.33×10−5
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